Abstract. An algebra A represents the sequence s0 = (0, 3, 1, 1, . . .) if there are no constants in A, there are exactly 3 distinct essentially unary polynomials in A and exactly 1 essentially n-ary polynomial in A for every n > 1. It was proved in [4] that an algebra A represents the sequence s0 if and only if it is clone equivalent to a generic of one of three varieties V1, V2, V3, see Section 1 of [4] . Moreover, some representations of algebras from these varieties by means of semilattice ordered systems of algebras were given in [4] . In this paper we give another, by subdirect products, representation of algebras from V1, V2, V3. Moreover, we describe all subdirectly irreducible algebras from these varieties and we show that if an algebra A represents the sequence s0, then it must be of cardinality at least 4.
Preliminaries
By an algebra we mean a pair A = (A; F A ), where A is a nonempty set called the carrier of A and F A is a set of finitary operations in A called the set of fundamental operations of A. By the clone of A we mean as usually the smallest set containing all projections and closed under superpositions with fundamental operations of A. We denote it by Cl (A). The operations from Cl (A) are called polynomials, see [2] . Two algebras A = (A; F A ) and B = (B; F B ) we call clone equivalent if A = B and Cl (A) = Cl (B). A polynomial f A (x 1 , . . . , x n ) depends on the variable x k , k ∈ {1, . . . , n}, if there exist a 1 , . . . , a n , b ∈ A such that f A (a 1 , . . . , a n ) ̸ = f A (a 1 , . . . , a k−1 , b, a k+1 , . . . , a n ). A polynomial f A (x 1 , . . . , x n ) is essentially n-ary, if it depends on each of its variables. We denote by p n (A) the cardinality of the set of all essentially n-ary polynomials of A, if n > 0. Next, we denote by p 0 (A) the cardinality of the set of all constant unary polynomials of A, see [3] .
Let p = (p 0 , p 1 , . . . , p n , . . .), n < ω, be a sequence of cardinals. We say that this sequence is representable if there exists an algebra A such that p n (A) = p n for all n = 0, 1, 2, . . . . Then we say that A represents the sequence p, see [3] . The problems and results connected with representable sequences were largely overlooked in [3] and they were considered by many authors. In the sequel we shall use some terminology and definitions from [1] and [2] .
Let τ 0 : {·, f } → {1, 2} be a type of algebras, where τ 0 (·) = 2 and τ 0 (f ) = 1. We shall write x 2 instead of x·x. We shall consider the following identities of type τ 0 :
It is easy to check that
The identities (1.8)-(1.12) are consequences of (1.1)-(1.4). Let A = (A; ·, f A ) be an algebra of type τ 0 and a ∈ A. Then the element a will be called an f A -idempotent of A or briefly an f -idempotent if f A (a) = a; the element a will be called an idempotent 
For k = 1, 2, 3 let V ⋆ k be the subvariety of V k satisfying identities of V k and additionally (1.13). In [4] it was proved that (1.iii) An algebra A of type τ 0 belongs to V k if and only if A is a semilattice ordered system of algebras from V ⋆ k . For the definition of the sum of a semilattice ordered system of algebras we refer to [5] .
In this paper we give another representations of algebras from V k , k ∈ {1, 2, 3}, namely by subdirect product (Section 2), what is convenient for finding subdirectly irreducible algebras from these varieties (Section 3). The structure of algebras from the varieties V ⋆ k for k ∈ {1, 2, 3} is clear, since f yields a retraction in algebras from V ⋆ 1 , f yields a permutation of order 2 in algebras from V ⋆ 2 and f yields a mapping of order at most 2, i.e., f [3] 
. However, for considerations in Sections 3 and 4 we need more detailed description of algebras from V ⋆ k , which we include below. For the convenience of the reader we use there a terminology taken from graph theory.
An algebra F = (A; f F ) with one unary fundamental operation is called a unoid. (1) there exists a partition Π = {A i } i∈I of A such that for every i ∈ I the set A i is closed under f A and the subunoid
is an instar; (2) for a fixed i 0 ∈ I and arbitrary x, y ∈ A we have x·y = i 0 , where i 0 is the root of
Let us prove (1) . Since f A is a function, so if i 1 , i 2 ∈ I and i 1 ̸ = i 2 , then
, we obtain the following:
If we put i 0 = x·y for some x, y ∈ A, then by (1.4) and (1.13) we get (2) . ⇐ This part of the proof is left to the reader.
and only if the following two conditions are satisfied:
(1) there exists a partition Π of A such that for every P ∈ Π the set P is closed under f A and the subunoid
is an involution; (2) for a fixed P 0 ∈ Π and arbitrary x, y ∈ A we have x·y = a P 0 , where a P 0 is the element of a fixed loopoid
The rest of the proof is left to the reader.
The element i is called the root of the intree F.
if and only if A f is an intree of height at most 2 and for x, y ∈ A it holds x·y = i, where i is the root of the intree.
If φ ≈ ψ is an identity of type τ , then it is called to be regular if the sets of variables in φ and ψ are identical, see [5] .
Subdirect decompositions
Let us denote by V 0 the variety of type τ 0 defined by (1.1), (1.2), (1.14) and (1.15). It is easy to check that 
Subdirectly irreducible algebras
We shall consider the following 5 algebras of type τ 0 :
, where for every x, y ∈ {a 1 , b 1 } we have
, where for every x, y ∈ {a 2 , b 2 } we have x·y = b 2 and f A 2 (x) = x.
, where for every x, y ∈ {a 3 , b 3 } we have x·y = b 3 and f A 3 (x) = b 3 . 
is an algebra and P is a partition of A inducing a congruence of A, then this congruence we shall denote by ϱ(P ).
By Theorem 2.5 to find subdirectly irreducible algebras in V k for k = 1, 2, 3 it is enough to find subdirectly irreducible algebras in V 0 and V ⋆ k . We have (3.ii)
An algebra A of type τ 0 is subdirectly irreducible and it belongs to V 0 if and only if A is isomorphic to A 1 .
P r o o f. Since V 0 satisfies (1.14) and (1.15), so we can apply the standard and well known proof used for semilattices.
Let A = (A; ·, f A ) be an algebra of type τ 0 .
Lemma 3.1. If A ∈ V ⋆ 1 and in the representation (1.iv) for a partition Π of A we have |I| 3, then A is subdirectly reducible. P r o o f. Consider three partitions P 1 , P 2 , P 3 of A for some different i 1 , i 2 , i 3 ∈ I, where
Then none of ϱ(P 1 ), ϱ(P 2 ), ϱ(P 3 ) is the identity congruence of A but
Then we argue as in the proof of Lemma 3.1. The proof is analogous to that of Lemma 3.1 but we consider involutions instead of stars. ⇒ By Lemma 3.5, it must be |Π| < 3. It can not be |Π| = 1 since then by (1.v) A is 1-element, namely A = {a P 0 } and we do not consider 1-element algebras to be subdirectly irreducible. If |Π| = 2, then by (1.v) we have in A one loopoid F P 0 and one involution, so A must be isomorphic to A 2 or A 4 .
) . 
We denote Ir
P r o o f. This follows from Theorem 3.10 and Birkhoff's theorem on subdirect irreducibility. 
Minimal generics
It was proved in [4] , Section 5, Lemmas 5. 
If (4.1) holds, then A satisfies
This however leads to a contradiction, since by Theorem 3.11 we have A 2 ∈ V 1 , A 4 ∈ V 2 and A 5 ∈ V 3 , where these algebras do not satisfy (4.3). If (4.2) holds then A satisfies: We expect that the method used in this paper will be also useful in finding the numbers g(s) for other sequences s.
